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Summary. The effect of bond functions on the basis set superposition error
(BSSE) is investigated at both SCF (self consistent field) and correlated levels
for a number of basis sets using the pairwise additive function counterpoise
(PAFCQC), the site-site function counterpoise (SSFC), and the newly proposed
successive reaction counterpoise method (SRCP). BSSEs using bond func-
tions are shown to be roughly twice those without bond functions, whereas
the latter may still be quite sizeable. The addition of f functions dramatically
decreases the bond function BSSE. The results obtained support the empiri-
cal decision in our earlier papers to neglect BSSE altogether.
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1. Introduction

For overcoming the so-called “molecular polarization problem” in the choice of
basis sets for ab initio calculations, a promising approach, the so-called com-
bined bond-polarization basis sets, was introduced recently [1-5]. (In the
subsequent discussion, papers [3—5] will be referred to as Parts 1, 2, and 4,
respectively.) The literature and theoretical discussion of the subject can be found
in these papers (especially Part 2), and will not be repeated here.

The main objection against bond functions in correlated ab initio calcula-
tions, the exaggerated basis set superposition error (BSSE) [6], was shown to be
greatly reduced by sufficiently saturating the polarization complement with
respect to the atomic correlation energy [Part 2]. However, this was only shown
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for the diatomic first-row hydrides. On the basis of these resuits, basis set
superposition error was neglected entirely for both diatomic and polyatomic
hydrides, resulting in excellent agreement with experiment (2 kcal/mol or better).
The evaluation of polyatomic BSSEs is no trivial matter; in this paper, an effort
is made to investigate BSSEs separately.

2. Theoretical aspects

The familiar counterpoise method of Boys and Bernardi [7] can be formulated as
follows. Suppose it is required to calculate the interaction energy between the
systems (atoms, molecules) A and B, usually called monomers, with energies
E(A) and E(B). The interaction energy 4E of the supersystem AB at some
nuclear geometry is given by

AE = E(AB) — E(A) — E(B). (1)

In this equation, however, the effect of basis set superposition is not taken into
account. Following Boys and Bernardi’s idea, that *“the full set of expansion
functions used in the dimer calculation must also be used in the monomer
calculations”, the interaction energy AE should be written as

AE’ = E(AB) — E(AGg) — E(BG,), 2)

where E(AGy) represents the energy of monomer A with the basis functions for
B added to the basis set (so-called “ghost orbitals), and analogously for
E(BG,). The BSSE is then defined as follows:

BSSE = AE — AE’ = E(AGy) — E(A) + E(G5B) — E(B). €))

The Boys and Bernardi method has received firm support over the years 8] from
theoretical studies, in contrast to the results of empirical studies [9] which have
indicated that it is not quantitative, and suggest that it can only be used as a
crude indicator for basis set saturation.

In a very recent paper, however, Mayer and Vibok [10] computed SCF
interaction energies using a “chemical Hamiltonian” formalism [11] which is
rigorously free of BSSE, and concluded that the interaction energy and its BSSE
correction are not additive; to quote these authors, *“‘the non-additivity of the
BSSE” (and the interaction energy, author’s note) “makes meaningless the
polemy about whether or not the Boys—Bernardi scheme overestimates BSSE: in
fact, it can overestimate or underestimate the value of BSSE (see also [12]) or
even give a wrong sign. This rules out all the conventional schemes used for
correcting BSSE”. Mayer also gave a theoretical proof [13] for the nonadditivity
of BSSE and interaction energy in the simplest possible case. Summing things up,
no definitive conclusion as to the validity of the counterpoise procedure appears
to have been reached at this stage.

The generalization to polyatomic systems (or many-body molecular interac-
tions) is not unique. Wells and Wilson [14] present two possible approaches. In
the pairwise additive function counterpoise (PAFC) approach, the basis set
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superposition error is approximated by a sum of Boys—Bernardi BSSEs on pair
interactions:
PAFC = ) (E(AG)) — E(A))), (4)
i*j
where the summation indices i and j run over all the monomers in the system.
In the site-site function counterpoise (SSFC) approach, however, it is as-

sumed that all orbitals in the many-body system are available to any of the
monomers, and thus the total basis set superposition error may be written as:

SSFC =Y. (E(AGur.) — E(A,)), (5)

where i again runs over all the monomers, and Gy,.. represents the ghost orbitals
on all the other monomers. The SSFC expression has the advantage that a
meaningful decomposition of the total interaction energy is still possible. Its main
disadvantage is the necessity to evaluate the quadratically increasing number of
different terms in Eq. (5), so the PAFC (Eq. 4) is certainly more economical.
Wells and Wilson concluded from SCF calculations on helium dimers and
trimers that the PAFC tends to overestimate the BSSE (with respect to the SSFC
approach), and that the difference between either approach was to some extent
a function of the geometric arrangement of the monomers in the adduct. A
recent example of an application of SSFC may be found in [15].

To our knowledge no systematic comparison of both approaches at SCF or
correlated levels has as yet been undertaken. The present work attempts to
provide such a comparison for a moderately-sized class of molecules, the open-
and closed-shell first-row hydride species in their respective ground states, for
six different basis sets. Three of these are standard [16] (6-311 + G(d, p), 6-
311 + G(2d, p), and 6-311 + G(2df, p)), the remaining three basis sets contain a
single sp-shell halfway along each bond ([Part 2] (6-311+ G(d, p)B, 6-
311+ G(2d, p)B and 6-311 + G(24f, p)B). Electron correlation is included
using full fourth-order Meller—Plesset theory (MP4(SDTQ) with a frozen core)
[17].

All these basis sets have the common property, that the basis set for
hydrogen is nearly saturated: in two-atom counterpoise calculations, its energy
was lowered by 10 uE; or less due to the basis functions of the heavy atom,
whereas the BSSE in H, is even much smaller. Henceforth, to a very good
approximation, the terms in Eqgs. (4) and (5) containing only hydrogen atoms
may be neglected. For AH, this leads to the following simplified expressions:

PAFC = n(E(AGy) — E(A) + E(HG,) — E(H)), (6)
SSFC = E(AGy,) — E(A) + n(E(HG ) — E(H)). )

In other terms, the PAFC of AH,, is exactly n times the counterpoise-BSSE for
AH, whereas the SSFC is not. Therefore, one is here comparing plain additive
with nonadditivity.
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If the basis set of hydrogen were completely saturated, Egs. (6) and (7) could

be further simplified to:
PAFC = n(E(AGy) — E(A)), (8)
SSFC = E(AGy,) — E(A). 9

A third possibility besides the PAFC and SSFC approaches is the stepwise
formation of the polyatomic molecule. In that case, the total formation reaction
can be written as a sequence of binary formation reactions, and the BSSE for
each of them can be computed using the normal counterpoise procedure; this
eliminates all worries about nonadditivity. For general cases, this approach has
the disadvantage that its application is not unique; for AH, molecules however,
there is an obvious way to proceed. We illustrate it by considering water.

The first step in the formation of water from its atoms will be

O(*P) + H(*S) » OH(*Z ™). (10a)
The counterpoise energy for this step is of course easily written as
BSSE = E(OGy) — E(O) + E(HG,) — E(H). (10b)
Next comes the second association
OH + H—-H,0 (10¢)
for which the counterpoise energy can be written as
BSSE = E(OHGy) — E(OH) + E(HGoy) — E(H). (10d)
The total BSSE then becomes
BSSE = (E(OHGy) — E(OH)) + (E(HGoy) — E(H))
+ (E(OGy) — E(O)) + (E(HG,) — E(H)). (10e)

Of course, this definition is not unique. One might just as well consider the
following scheme:

H+H-H,, (11a)
H, + 0 —-H,0, (11b)

which leads to the following counterpoise expression
BSSE = (E(OGy,) — E(O)) + (E(H,Go) — E(H,)) + 2(E(HGy) — E(H)). (ll¢)

However, if we consider the H basis set to be saturated, the second and third
terms of Eq. (11c) vanish, reducing the equation to the form of Eq. (9) for the
SSFC method under the same assumption. Henceforth, we will be using Eq.
(10e) as a basis set superposition error estimate, which we will term the
successive reaction counterpoise method (SRCP).

For more than triatomic systems, geometry changes can present additional
problems. For example in the CH; + H— CH, reaction, CH; has point group
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D, whereas CH, has point group 7,. We may split the reaction in two imaginary
steps:

1) the geometry change CH,(D,,) — CH,(C;,), for which no BSSE applies;
2) the reaction CH;(C,,) + H— CH,(T,), for which the counterpoise amounts to
BSSE = (E(CH;(C5,)Gy) — E(CH3(C3,))) + (E(HGcnyc,,) — E(H).  (12)

If more than three atoms are involved, a number of supplementary reaction
schemes can be constructed. We will avoid these here, since only the scheme
outlined in Eq. (10) corresponds to the sequential association which is relevant
here.

SRCP will be by far the most expensive method considered here, and requires
an operational definition based on the reaction scheme. On the other hand, it is
entirely defined in terms of two-body BSSEs, and will thus not suffer from
many-body nonadditivity effects.

3. Computational methods

All calculations were carried out using the GAUSSIAN 86 program system [18]
running on a MicroVAX 2000 workstation under the VMS 4.7 operating system.
To remain consistent with Parts 1, 2 and 4, HF/6-31G* geometries [19] were used
throughout the present study.

For the systems CHGy and OHGy, the SCF criterion had to be loosened from
the standard value of 1.0D-9 (Euclidean norm of the difference between consec-
utive density matrices) to 1.0D-5 and 1.0D-6, respectively, in order to obtain
convergence. Both with and without DIIS [20], as well as when doing steepest-de-
scent direct minimization SCF [21], the iteration started cycling indefinitely when
better convergence was requested. This effect did not occur in any of the other
systems.

4, Results, discussion, and conclusions

Total energies for the atomic systems may be found in Part 2, and are not
repeated here. The BSSE increments per bond according to the SSFC method
(Eq. 7) are given in the first part of Table 1 for the 6-311+ G(d, p)B,
6-311 + G(24, p)B, and 6-311 + G(2df, p)B basis sets, and in the second part for
the corresponding polarization-only basis sets, i.e. 6-311 + G(d, p), 6-311 +
G(2d, p), and 6-311 + G(24f, p). The BSSE increments per bond for the PAFC
method (Eq. 6) are of course all identical to the BSSE for the first step. Table
2 presents the same analysis as Table 1, but now for the SRCP method and
omitting the 6-311 4 G(2d, p) and 6-311 4+ G(2d, p)B basis sets. Finally, in
Table 3 binding energies (without BSSE correction) at the corresponding
levels of theory have been given, as well as experimental values corrected for zero
point energy. The numerical values in Table 3 for the 6-311 + G(2d, p) and
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6-311 4+ G(2df, p) basis sets differ from those given in [22] in that they were
computed directly, whereas an additivity approximation was used in [22].
Noticeable nonadditivity errors occur only for the 6-311 + G(2df, p) basis set;
they are largest in ammonia (1.5 kcal/mol), methane (1.2 kcal/mol), methyl
radical (0.9 kcal/mol), and water (0.8 kcal/mol). All other nonadditivity errors
are less than or equal to 0.5 kcal/mol.

First and foremost, it is obvious that the basis set superposition error globally
increases with increasing atom number of the central atom, both with and
without bond functions: this was also seen in Part 2. The largest BSSEs in this
study are seen for the water molecule, becoming an alarming 12.00 kcal/mol with
the 6-311 4+ G(d, p)B basis set.

The BSSEs also greatly increase upon inclusion of electron correlation,
except of course for H, and LiH, where the separated atoms have no correlation
energy in the frozen-core approximation adopted here. For the lighter hydrides
the BSSEs also exhibit a marked decrease from MP2 to MP3, much less from
MP3 to MP4; for the heaviest hydrides there is a slight increase. The decrease
is more marked for the larger than for the smaller basis sets: the difference
between BSSEs with and without bond functions is also affected, and decreases
for all cases with the greatest basis set employed. It was generally observed that
BSSEs decrease upon proceeding from MP3 to MP4(DQ), whereas they again
increase upon proceeding from MP4(DQ) to MP4(SDTQ). Extrapolating for
higher-order effects according to the formula suggested in Part 4 resulted in
BSSE changes of only about 0.01 kcal/mol, which enables the authors to say
that, at least for this type of molecules, BSSE is adequately described at the MP4
level.

BSSEs are more than doubled when bond functions are added: this increase
is somewhat less spectacular than expected from the work of Bauschlicher. It is
remarked here, that the MP4/6-311 + G(d, p) BSSE still amounts to 5.26 kcal/
mol for H,O, which although less than half the 12.00 kcal/mol found when bond
functions are included, is still anything but desirable. The largest MP4/6-
311 + G(2df, p) BSSE is 1.74 kcal/mol for H,O, where only 2.86 kcal/mol is
added on top by using the bond functions; the difference in binding energy
amounts to 10.0 kcal/mol for the smaller, and 5.4 kcal/mol for the larger basis
set. For NH,, the picture is more clear-cut: 4.58 kcal/mol extra BSSE results
from addition of bond functions to the smaller basis set, and 2.11 form addition
to the larger basis set. This compares with the large differences in binding energy
of 12.3 and 6.7 kcal/mol, respectively. For CH,, the extra BSSE is 1.53 kcal/mol
with the largest basis set, and 3.09 with the smallest basis set; this should be
compared to extra binding energies of 6.5 and 12.1 kcal/mol, respectively.

If the BSSE differences caused by the bond functions are studied, it becomes
clear that they are not markedly affected by the addition of a second set of d
functions; they are, on the other hand, from the boron hydrides on, decreased by
a factor of two or more when a set of f functions is added. For H,, LiH and the
beryllium hydrides, the 4 functions are already a second polarization space for
the separated atoms, so f functions (which are then third polarization space) do
not contribute appreciably.
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For the BSSE without bond functions however, doubling the d functions
decreases the BSSE more significantly than the subsequent addition of a set of f
functions. The total BSSEs when using bond functions are decreased by a factor
of about three when extra d and f functions are added at the same time. The final
values are a bit large in some instances, but still acceptable when compared with
the other errors inherent in the calculations.

Considering now the difference between the three methods, Wells and Wilson
expected the PAFC to be larger than the SSFC, and thus overestimate the basis
set superposition error. From Tables 1 and 2, it is quickly seen that PAFC may
both over- and underestimate the SSFC BSSE. Additivity holds better for the
UHF than for the correlated levels. The additivity also improves with the basis
set: at the UHF/6-31 + G(2d, p) and (2df, p)B levels, where the BSSE is also
smallest, additivity is best. The SRCP, on average, tends to yield the highest
BSSEs of all three methods, except for the case of H,O, where it is in between
the SSFC and PAFC results. Generally, the agreement between SSFC and SRCP
appears to be better than either that between SSFC and PAFC, or between
SRCP and PAFC.

Wells and Wilson also observed that additivity is strongly influenced by the
symmetry of the system. This is particularly noticeable for CH, and CH,;
however, a tendency towards lowered BSSEs due to nonadditivity is seen in all
cases where the point group of the adduct is of a more symmetric type than that
of its lower hydride monomer (e.g., CH;, BH;: C,, —» D;,, CH,: Dy, - T, but
not NH;: C,, — C,,). (Also, the wavefunction for CGy, (ie., carbon atom in the
basis set for methane) has only C,, symmetry; if it were constrained to T,
symmetry (which is unfortunately impossible with GAUSSIAN 86), the BSSE
would be slightly lower in the CH, case.) The same argument applies for BeH,
(Coop = D) the effect is only seen here when bond functions are included. The
SRCP method, on the other hand, does not exhibit this phenomenon (except for
BH; and CHj); apparently some BSSE might be involved in the geometrical
rearrangement.

The bond function contributions are also strongly nonadditive, reaching
1.56 kcal/mol for H,O in the 6-311 + G(d, p)B basis set. Here, an overestimate is
generally observed, except for H,O, where PAFC underestimates the SSFC
result.

It was found in Parts 1 and 2 that computed dissociation energies using the
6-31 + G(d, p)B and 6-311 4+ G(d, p)B basis sets and an isogyric reaction cycle
involving molecular hydrogen [22] were too large by amounts up to 2 kcal/mol
at the MP4 level when using bond functions; the overshoot was somewhat
smaller with the 6-311 + G(2df, p)B basis set. It would be natural to ascribe this
effect to the basis set superposition error (which is of course reduced in the
6-311 + G(2df, p)B basis set). However, in Part 4 it was found that a fair part of
the overestimate was not due to BSSE, but to truncation of the Moller—Plesset
series: when an augmented coupled cluster method was used instead, mean
absolute errors were reduced to 0.42 kcal/mol for the 6-311 + G(24dY, p)B basis
set, and 0.68 kcal/mol for 6-311 + G(d, p)B. The tendency towards overestima-
tion remained, while it should also be noted that the use of optimum geometries
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at the levels involved would further increase the computed dissociation energy by
at most 0.3 kcal/mol [22]. This produces a net overestimation of 1 kcal/mol or less,
which is definitely small if compared to the sometimes overly large BSSE values
found by all three methods here. This is hard to explain from the viewpoint that
the counterpoise method produces an accurate description of basis set superposi-
tion error.

The only possible explanation would be that BSSE and basis set incomplete-
ness error follow the same trend, and thus compensate each other, Since both the
basis set incompleteness error and the BSSE increase from left to right in periodic
table, this scems plausible, at least for the case of diatomic molecules; in the case
of polyatomic molecules however, this argument becomes more difficult to sustain.

In the light of Mayer’s conclusion, however, that BSSE and interaction energy
are generally nonadditive, our findings are readily understood. As far as the
additive part of the BSSE is concerned, the above argument may still apply; the
nonadditive part, of course, is also found in the true interaction energy. Since it
is hardly desirable to compensate for the latter, and the former error wil cancel
to a great extent with the basis set incompleteness error, it may be best not to
compensate at all for BSSE in dissociation energy calculations using bond
functions, until perhaps a correlated extension of Mayer’s BSSE-free method
becomes generally available. The most powerful argument supporting this conclu-
sion is and remains the excellent agreement between calculated and experimental
values using this approximation, since in the end, that is what quantum chemistry
is all about. Also, it is by no means general practice to include BSSEs in
dissociation energy calculations without bond functions. As is seen above, BSSEs
according to all three generalizations of the counterpoise method are also anything
but small in that case: so there hardly is any good reason either for dismissing
bond function basis sets as BSSE-prone, or for advocating that BSSE corrections
are more appropriate for calculations with bond functions than for calculations
without them. Ultimately, in the opinion of the authors, the chief usefulness of
counterpoise-related methods in dissociation energy calculations as a qualitative
indicator for basis set incompleteness.

Finally, however, the authors wish to stress that these conclusions do not
necessarily apply for the case of weak molecular interactions, where bond
functions, with their inherent reliance on a more or less directional covalent-type
bonding, would be of limited use anyway.
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Note added in proof

It was recently shown (Martin, Frangois, Gijbels, Chem. Phys. Lett, submitted) that, ‘wl_xen
correlated (CID/6-31G*) geometries are used, most of the remaining overestimate in the dissociation
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energies is absorbed through the isogyric reactions. Using the CCD + ST(CCD)/6-311 + G(2df, p)B//
CID/6-31G* theoretical model and an isogyric reaction cycle [22], a mean absolute error of
0.12 kcal/mol per bond could be reached for the first-row hydrides with precisely known experimental
dissociation energies. This further supports our conclusion that neglecting BSSE has no adverse
effects on the quality of the results.
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